Me: Why is there exist integer a such that
a=>5(mod 17) and a = 8 (mod 21)
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History [edit]

The earliest known statement of the theorem, as a problem with specific numbers, appears in the 3rd-century book Sun-tzu Suan-ching by the Chinese
mathematician Sun-tzu:[']

There are certain things whose number is unknown. If we count them by threes, we have two left over; by fives, we have three left over; and by
sevens, two are left over. How many things are there?!?]

Sun-tzu's work contains neither a proof nor a full algorithm.[3l What amounts to an algorithm for solving this problem was described by Aryabhata (6th
century).[*l Special cases of the Chinese remainder theorem were also known to Brahmagupta (7th century), and appear in Fibonacci's Liber Abaci (1202).[5]
The result was later generalized with a complete solution called Ta-yan-shu (K%347) in Ch'in Chiu-shao's 1247 Mathematical Treatise in Nine Sections (&
HE, Shu-shu Chiu-chang)!® which was translated into English in early 19th century by British missionary Alexander Wylie.[”]
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e f is onto (surjective) if Vb € B,3a € As.t. f(a) =0b

— i.e. every b € B has a pre-image.

e [ is one-to-one (injective) if Va,d’ € A, f(a) = f(d') = a=d. N

— i.e. different inputs map to different outputs,
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Here’s a helpful graphic illustrating the differences between all of these functions. g
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Figure 1: Examples of the four types of functions, and a non-function. Source: Math is Fun.
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Theorem 5 (Chinese Remainder Theorem). Let m

..... my, be pairwise® relatively prime
positive integers, and let

M:ml...mk. &7-7

Then for every k-tuple (x1

..... xy) of integers, there is exactly one residue class z (mod M)
such that

x=x1 (mod my)

x=x2 (mod mg)

=z (mod my).

“Every pair of integers is relatively prime, as opposed to being relatively prime as a whole.
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1 Chinese Remainder Theorem Practice

In this question, you will solve for a natural number x such that,

2 (mod 3)
3 (mod 5) ()
4 (mod 7)

X
X
X

(a) Suppose you find 3 natural numbers a, b, ¢ that satisf)yé following properties:

a=2 (mod3);a=0 (mod35);a=0 (mod7), 2)
b=0 (mod3);b=3 (mod5);b=0 (mod?7), 3)
¢c=0 (mod3);c=0 (mod5);c=4 (mod7). 4)

Show how you can use the knowledge of a, b and ¢ to compute an x that satisfies (1).
X= atbtc, foel 24 ()
- Xz 010t =% (s
K 24010 22 (wel?) (w22
x= 0310 z» (nd)

(b) Find a natural number « that satisfies (2). In particular, an a such that a =2 (mod 3) and is a
multiple of 5 and 7. It may help to approach the following problem first:

(b.i) Find a*, the multiplicative inverse of 5 x 7 modulo 3. What do you see when you compute
(5% 7) x a* modulo 3, 5 and 7? What can you then say about (5 x 7) x (2 x a*)?

o= (5x N (el 3)
a 20 (nd35) [ar35)

¢ -
= 2.

=35

|40 = 3G
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(c) Find a natural number b that satisfies (3). In other words: » =3 (mod 5) and is a multiple of
3and7.
d
w? < (79 (edub 5)
- "( - - =
< XU =
b= ¥ xdxix) = 63

(d) Find a natural number c that satisfies (4). That is, ¢ is a multiple of 3 and 5 and =4 (mod 7).

*> (3+9)"  (moed M
v (o )

)
o /

L= (/4 x%f%ﬂé - 60.
(e) Putting together your answers for Part (a), (b), (c) and (d), report an x that indeed satisfies (1).

X= 36 f63t00 = |53 = 53 lmed 109)



2 CRT Decomposition
In this problem we will find 3“2 mod 385. ‘:P(W‘dt ‘S L‘T‘H( rkeMw o

(a) Write 385 as a product of prime numbers in the form 385 = p; X py X ps. .
(b) Use Fermat’s Little Theorem to find 3°°2 mod P1s 3302 mod p2, and 3302 mod D3- T——Of g’w P /

(c) Letx =332, Use part (b) to express the problem as a system of congruences (modular equa-
tions mod 385). Solve the system using the Chinese Remainder Theorem. What is 3302
mod 385?

[a) D5\ = Dy] xll,
5 3501 (’Jq) 5 (mocf"))

._\k 3,7-3 51— u';l(ml/,
(2222 (mod 4D }‘" -

(2 = 2 (el 12))
vz 4 (md8) s
() vz 2 (wod) ¢

=9 a-‘wzmm. \ 2772 9 laod 335 ]

gz Ty UM T 390 bz ooy
oz (§$a')"7 cOell¥2 T~ Gr2 % -10.= b- 5112

¢z (e " P AT b7 9T 35

G



